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Abstract
A graph G = (V,E) with p vertices and q edges is said to be strongly edge multiplicative if the
edges of G can be labeled with distinct integers from 1,2, ..., q such that labels induced on the
vertices obtained by the product of the labels of incident edges are distinct. We discuss strongly
edge multiplicative labeling of some graphs. Also using the definition of strongly edge
multiplicative labeling we define strongly vertex number of graphs. Let G be the strongly edge
multiplicative graph and f* be the corresponding induced labeling of G.We introduce the new
notation strongly induced vertex number ¥,(G) = max {f*(v): veG}.
Keywords: Strongly Edge multiplicative Labeling, Induced vertex Number, Path graph, Star
graph, Fan graph.
AMS Subject Classifications:05C78.
Introduction
The assignments of values typically represented by integers using several appropriate
mathematical rules to the vertices and / or edges of the given graph is termed as graph labeling.
Formally, in 1967 Alex Rosa[1] introduced the concept of graph labeling. There is an enormous
literature regarding labeling of many familiar classes of graphs.In this paper we deal only finite,
simple, connected and undirected graphs. The vertex set and edge set of a graph G are denoted by
V(G) and E(G) . Hence |V(G)| and |E(G)| are the number of vertices and number of edges of G
respectively.
In 2001, Beineke and Hegde introduced multiplicative labeling and proved that every graph admits
a multiplicative labeling. The Strongly multiplicative labeling was introduced by Beineke and
Hegde. Now strongly multiplicative labeled graphs often serve as models in a wide range of
applications. Such applications including coding theory and communication network . In 2020
Jeyabalan and Kumar introduce the concept Strongly edge multiplicative graphs. A graph G =
(V, E) with p vertices and q edges is said to be strongly edge multiplicative if the edges of G can
be labeled with distinct integers from 1,2, ..., g such that labels induced on the vertices obtained
by the product of the labels of incident edges are distinct. We investigate some properties of
strongly edge multiplicative graph and generalized book graph. Let G be the strongly edge
multiplicative graph and f* be the corresponding induced labeling of G. We introduce the new
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notation strongly induced vertex number y,(G) = max {f*(v): veG}. We discuss Path graph,
Cycle graph, Star graph, Fan graph, Bistar graph.
1 Preliminaries
Definition:1.1 [5] A walk in which no vertex is repeated is called a path P,. It has n vertices and
n — 1 edges.
Definition 2.4. [15] The vertex set of L(G) is in one-to-one correspondence with the edge
set of G and two vertices of L(G)are joined by an edge if and only if the corresponding
edges of G are adjacent in G. The graph L(G) is called the line graph or the edge graph
of G.
Definition:1.33 [12]The triangular book with n-pages is defined as n copies of cycle C5 sharing a
common edge. The common edge is called the spine or base if the book. This graph denoted by
B(3,n).

We construct the generalized book with n-pages is defined a n copies of cycle C,,, sharing
a common edge.The common edge is called the spine or base of the book.The graph denoted by
B(m,n).
Definition:1.4 [14] The star graph S, is a complete bipartite graph K, ,, where n represents the
number of vertices and S,, has n-1 edges.
Definition:1.5 [14] The bistar By, ) is a graph obtained from K, by joining m pendant edges to
each end of K,.The edge Kj is called the central edge B, ) and the vertices of K are called the
central vertices of By, .
Definition:1.5[16] The fan fraph f, is obtained by taking n-3 concurrebt chords in a cycle C,, .The
vertex at which all chords are concurrent is called the apex vertex.
2. Properties of strongly edge multiplicative graph.
Theorem 2.1 Let G, and G, be the strongly edge multiplicative graph. Then G; U G, is also a
strongly edge multiplicative graph.
Proof: Let G; and G, be two strongly edge multiplicative graphs with number of edges m,; and
m, respectively. Then the graph G, U G, will have m; + m, edges. Since G; is strongly edge
multiplicative the induced labeling of the vertices are distinct. Suppose the edges of G, are labeled
by 1,2, ..., m, then relabel the corresponding edges by m; + 1, m, + 2, ..., my + m, respectively.
As edges are relabeled the induced vertices are all distinct in G,.Hence G; U G, is a strongly edge
multiplicative graph.
Remark 2.2 If G; U G, is strongly edge multiplicative, then G; and G, neednot be strongly edge
multiplicative graph.
Example 2.3: Let G; U G, = P; U C,,.Consider G; be the path P; and G, be the cycle graph
C,.Clearly G, U G, is a strongly edge multiplicative graph. In [edge ref] proved that C, is a
strongly edge multiplicative graph and Pj; is not strongly edge multiplicative graph.
Theorem 2.4 Let G; and G, be the two strongly edge multiplicative graph connected by an
edge.Then the resultant graph is a strongly edge multiplicative graph.
Proof: Let G; and G, be two strongly edge multiplicative graphs with number of edges m;and m,
respectively. Then the graphG; U G, will have m; + m, edges. Consider G be the resultant graph
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with vertex se V(G) = V(G,) UV(G,) and E(G) = E(G; U G,) U {e} be the edge set of G. Now
we label the edge e is | where e = u;v;, u;€G;, v;eG, and the remaining edges G; and G, are
labeled by 2,3,..,m;+1 and m; + 2,m; + 3, ..., my + my, + 1.Hence G is a strongly edge
multiplicative graph.

3. Results on Strongly Edge Multiplicative Graphs
Theorem 3.1. Let G be a graph obtained by connecting two cycles Cy, and C,, to a path of length
t. Then G is a strongly edge multiplicative graph for all k,m > 3 and t > 2.
Proof. Let G be a graph with vertex set V(G) = {u,, vg,wy:1<p<k,1<g<t—-11=<r<
m, where uq, u,, ..., U be the vertices of the cycle Ci, wy, w,, ..., wy, be the vertices of cycle C,,
and Uy, vy, Uy, ..., Vi1, W; be the vertices of path of length t.Let E(G) = {u;ujp1:1 <p <k —
1} U {wuy, wyuwi } U {ug v, v wi U {04101 < g <t - 23U {wiwi i 1 <r <m—1} be
the edge set of G.
Wenote that |[V(G)|=k+m+t—1and |[E(G)|=k+m+t
We define f: E(G) — {1,2,3, ..., k + m + t} as follows.
fyu) =k, fuv)=k+1, [fwew)=k+t

f(upup+1)=i, 1<p<k

fogvger) =k+q+1, 1<q<k

fwmw, ) =k+t+r, 1<r<k

fwpw) =k+m+t
Clearly the edge labels are distinct.
The induced vertex function f*:V(G) — N defined by

f (uy) = km

ffw) =k+t)k+t+1D)(k+m+t)

f (upsr) =pp + 1), 1<p<k-1

f*(vg) = (k+ )k +q + 1), 1<g<t—1
ffwpp) =k +t+r)k+t+r+1), 1<r<m-1

Clearly vertex labels are distinct.

Thus the labeling pattern defined above satisfies the vertex conditions and edge conditions of
strongly edge multiplicative labeling.

Hence G a is strongly edge multiplicative graph.

Hlustration: The strongly edge multiplicative labeling of G ,k=4,m=5,t=3
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Theorem 2.2. The line graph L(C,,) is a strongly edge multiplicative graph for all n > 3.
Proof. Let G = L(C,) be the line graph of cycle C, with vertex set V(G) = {v;: 1 < i < n} and
edge set E(G) = {v1vy, vup_1}U{vivgp1:1<i<n iisodd}U{vv,:1<i<
n iiseven}.
We note that |V(G)| =nand |E(G)|=n
We define f: E(G) - {1,2,3, ...,n} as follows.

frivy) =1

f(vnvn—l) =n
fivai44) = 21, 1<i<n iis odd
fvivy) =20+ 1, 1<i<n i is even

Clearly the edge labels are distinct.
The induced vertex function f*:V(G) — N defined by
ffv)=0G-DE+1), 1<i<n i is odd
fflv)=>G—-1D{+1), 1<i<n i is even
Clearly vertex labels are distinct.
Thus the labeling pattern defined above satisfies the vertex conditions and edge conditions of
strongly edge multiplicative labeling.
Hence G a is strongly edge multiplicative graph.
Ilustration: The strongly edge multiplicative labeling of C,

Figure 2

Theorem 2.3. The generalized book graph B(m, n) is a strongly edge multiplicative graph for all
nand m = 3.

Proof. Let B(m, n) be the generalized book graph with vertex set V(B(m,n)) = {v,, vg, v;;: 1 <
i <n, 1<j<m-—2},wherev,, v, bethe common vertices of the n-copies of cycle C,, and edge
set E(B(m,n)) = {vovp} U {vgv;1: 1 < i S n}U{vgvign-2):1 < i <n}U{v;ve:1<i <
n, 1<j<m-3}.

We note that |[V(B(m,n))| = mn —2n+2and |[E(B(m,n))|=n(m—-1)+1
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We define f: E(B(m,n)) - {1,2,3,...,n(m — 1) + 1} as follows.
fwovyy)) =m(i—1)—-(—1)+2, 1<i<n
f(Wvim—n) =mi— (i — 1), 1<i<n

fijvijen) =m@i—-1)—i+3+4j, 1<i<n, 1<j<m-3

Clearly the edge labels are distinct.

The induced vertex function f*: V(B(m,n)) — N defined by
ffoj)=m@iE-1)—i+3+jlmi-1)—-i+2+j], 1<i<n, 1<j<m-2
fr(wo) =Ilizg[m@—1) - (- 1) + 2]
fr(wo) = Iliza[mi — (i = 1)]

Clearly vertex labels are distinct.

Thus the labeling pattern defined above satisfies the vertex conditions and edge conditions of

strongly edge multiplicative labeling.

Hence B(m, n) a is strongly edge multiplicative graph.

Hlustration : The strongly edge multiplicative labeling of B(5,3)

Us2

Figure 3
3. Strongly Induced Vertex Number
Definition: Let G be the strongly edge multiplicative graph and f* be the corresponding induced
labeling of G. We introduce the new notation strongly induced vertex number y,(G) =
max{f*(v): veG}.
Theorem.3.1. Let G and G; U G, be two strongly edge multiplicative graph. Then y,(G) <
14% (Gl U GZ)'
Proof: By the definition union of graph and strongly multiplicative graph. Clearly y,(G) <
Yo (G1 U G3).
Theorem.3.2. For any path B,, ¥,(B,) = (n—1)(n— 2).
Proof: In[7] proved that P, is strongly edge multiplicative graph. The edges are labeled by
{1,2,...,(n — 1)} and the induced vertex labels are {1,2,...,(n — 1)(n — 2)}.Clearly y,(B,) =
n—1(n-2).
Theorem.3.2. For any star S,,, ¥,(S,) = nl.
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Proof: In[7] proved that S, is s strongly edge multiplicative graph. The edges are labeled by
{1,2, ...,n} and the induced vertex labels are {1,2, ...,n,n!}.Clearly v,(S,) = nl

Theorem.3.2. For any bistar B, ), yv(B(m,n)) =[I(n+2,n+3,...2n+1).

Proof: In[7] proved that By, »yis a strongly edge multiplicative graph. The edges are labeled by
{1,2,..,2n+ 1)} and the induced vertex labels are {(1,2,..,(2n+ 1), H(1,2, v, (n+
D), I(n+2,..,2n+ 1)}Clearly y,(Bann) =II(n+2,n+3,...2n + 1).

Theorem.3.2. For any fan F,, y,(F,) = (2n)(3n).

Proof: In[7] proved that F, is a strongly edge multiplicative graph. The edges are labeled by
{1,2,...,3n} and the induced vertex labels are {1(2n+1),2(2n+1),3(2n+ 2),4(2n +
2),..,(2n—1)(3n),(2n)(3n)}. Clearly y,(F,) = (2n)(3n).

Conclusion
In this paper, we discussed the strongly edge multiplicative labeling. The strongly edge
multiplicative labeling conditions are satisfied the some classes of graphs. There may be many
interesting strongly edge multiplicative graphs can be constructed in future
References
1) Alex Rosa, On certain valuation of the vertices of a graph,In Theory of Graph-International
symposium, (1966),349-359.

2) Beineke L.W and Hegde S.M, Strongly multiplicative graphs, Discussiones Mathematicae
Graph Theory, 21(2001), 63-75.

3) Bondy J A and Murthy U.S .R, Graph Theory and Applications, North-Holland,
Newyork,(1976).

4) Edward Samuel.A and Kalaivani S," Factorial labeling for some classes of graphs"
ISSN(print):2328-3491.

5) Gallian J.A (2014) A Dynamic survey of graph labeling. The Electronic Journal of
Combinatorics,17\# DS6.

6) Harary F, Graph Theory, New Delhi: Narosa Publishing House, 2001.

7) Jeyabalan.R \& Kumar.G,"Strongly edge multiplicative graphs"{\it Advances in
mathematics scientific journal},9(2020),n0.1,173-185.

8) Khinsandar Win ,"Complete Bipartite Graphs and their line graphs" Dagon University
commemoration of 25th Anniversary silver jubilee research journal 2019,vol 9.NO.2.

9) Meena.S, Kavitha.P, strongly prime Labeling for some graphs-International Journal of
mathematics And its Applications volume 3, Issue 3-D(2015).

4918



China Petroleum Processing and Petrochemical Technology

Catalyst Research Volume 23, Issue 2, December 2023 Pp. 4913-4919

10) Prajapati U.M , B.N Suthar” Prime labeling in the context of duplication of graph elements
in K, , “International journal of mathematics and soft computing,Vol.7, No.1(2017),117-
125..

11) Raja Ponraj, Shobana Somasundar,”On the degree splitting graph of a graph”, National
Academy Science Letter 27(7-8):275-278.

12) Rathod N.B \& Kanani K.K,"K-cordial labeling of triangular book,triangular book
with book mark and Jewel graph",{\it Global journal of pure and applied
mathematics},ISSN 0973-1768 volume 13,Number 10(2017),pp.6979-6989.book
13)Sandhya S.s , E .Ebin Raja Merly and S.D Deepa, Heronian mean labeling of
graohs,International Mathematical Forum,Vol.12,2017,n0.15,705-713.

14) Vijaya kumar, P, Ulaganathan, PP \& Tjirusangu, K, 2017, 'Various Harmonious
Labeling in Some Duplicate Graphs' {\it International Journal of Pure and Applied
Mathematics}, vol.117, no.5, pp.145-161.star bistar

15) Venkatachalapathy.M,Kokila.K and Abarna.B, Some Trends in Line Graphs-
Advances in Theoretical and Applied mathematics.ISSN 00973-4554 Volume 11,
Num-ber 2(2016).line

16) Kanani and Chhaya “strongly multiplicative labeling if some standard
graphs”Internatinal journal of mathematics and soft computing vol 7,no 1
(2017)13-21.

4919



