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Abstract. This study presents a model for the solute transfer in fluid flow through a permeable 
channel with varying viscosity. An application of this model is to the flow of blood through 
glomerular capillaries. The amount of solute that can pass through the glomerular capillary wall is 
determined by the difference in pressure between the colloid osmotic pressure and the 
transcapillary hydrostatic pressure, as stated by Starling's rule. Analytical and numerical methods 
are used to solve the coupled equations controlling the fluid and solute transport. The results of 
this analysis are qualitatively in good agreement with those obtained from the experimental results. 
Based on the graphic representation of the data, it is obvious that varying viscosity affects velocity 
profiles, concentration profiles, as well as total clearance of solutes. 
Keywords: Variable Viscosity; Starling's law; Glomerular capillary; Finite difference method; 
Ultrafiltration; Permeable wall 

1. Introduction 
     The kidneys are responsible for excreting the bulk of human metabolism's end products and 
maintaining the concentrations of the majority of bodily fluid components, making them one of 
the most essential physiological organs. The major function of the kidney is to remove metabolic 
waste products from the body via urine. It is the job of the afferent arteriole to transport blood into 
the glomerulus, while the efferent arteriole is in charge of transporting blood away from the 
glomerulus. The vascular space and Bowman's capsule are free to exchange water and dissolved 
components during glomerular filtration. Starling's forces in the capillaries of glomerulus are what 
cause glomerular filtrate to develop. When these conditions are present, there is a fluid movement 
that is directed towards Bowman's capsule from the glomerular capillaries. Mathematical models 
have been constructed by a number of researchers in order to investigate the filtration mechanism 
in glomerular capillaries [1 - 6]. 
    Brenner et al. [7, 8] examined on measures of mean and extravascular pressures in Bowman's 
space, solute concentration, and osmotic pressure at the extremities of the glomerulus, as well as 
GFR (glomerular filtration rate) of a single nephron. After conducting research into the connection 
between filtration and the increase in protein concentration brought on by ultrafiltration, Deen et 
al. [9] came to the realisation that the total ultrafiltration rate increases in proportion to the amount 
of blood that is being circulated through the body. By dropping the constant pressure gradient 
assumption, Marshal and Trowbridge [10] and Huss et al. [11] created models for glomerular 
ultrafiltration in which the intra-luminal pressure gradient was assumed to be dependent on the 
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axial distance. Papenfuss and Gross [12] examined how the glomerular capillary wall's 
permeability and pressure drop affected the filtration process. 
    The researchers of the above mentioned literature have not taken into account solute transport 
across the capillary membrane. Salathe [13] investigated solute transport across the capillary wall 
under the presumption that the concentration was constant throughout. Deen et al. [14] discovered 
that the glomerular filtration rate is extremely sensitive to changes in glomerular blood flow during 
filtration pressure equilibrium. They also showed that the osmotic pressure profile along the 
glomerular capillary is nonlinear. By assuming zero osmotic pressure, Ross [15] developed a 
model for mass transfer through a permeable tube with a modest radial flux of fluid. For the 
scenario of combination dialysis and filtration, Tyagi and Abbass [16] provided an analytical 
solution for a steady solute distribution when blood flows through a hollow-fibre artificial kidney. 
Both hydrostatic and osmotic pressure affect filtration velocity and protein transfer inside and over 
the capillary wall (Chaturani and Ranganatha [17]). Varunkumar and Muthu ([18, 19]) developed 
a solution for solute transport in a porous capillary with changeable-permeability, slip coefficient, 
osmotic pressure along the porous wall based on solute concentration. The model described by 
Nazarenko [20] took into account the expansion of concentrations, compressibility, and also the 
friction within a porous cylindrical layer. 
   According to the preceding review of the literature, there has never been a study of fluid and 
solute transfer with variable viscosity, as well as the presence of concentration dependency of 
osmotic pressure so far. Examining solute movement in a channel with a permeable boundary and 
variable viscosity is the main goal of this research [21, 22]. Davis and Sherwood [23] investigated 
the effect of the varying viscosity and diffusivity by taking mass transfer eauation in a steady-state 
boundary layer. Bowen and Williams [24] studied cross-flow ultrafiltration for concentration-
dependent viscosity and diffusivity. Shamsuddin et al. [25] investigated concentration polarization 
as a coupled transport problem with concentration-dependent solute viscosity and developed a 
thorough good understanding of the influence of viscosity changes on solute concentration. 
According to the preceding review of the literature, there has never been a study of fluid flow and 
solute transport via permeable channel with varying viscosity, as well as the presence of 
concentration dependency of osmotic pressure so far. Analytical and numerical approaches are 
used to solve the flow equations, while an implicit finite difference technique is used to solve the 
solute transport equation. With the use of graphical findings, the profiles of hydrostatic, osmotic, 
velocity, and concentration distributions for the emerging parameters are illustrated and analyzed 
in detail. The mathematical model and the details of solution methodology are given below. 
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Figure 1: Geometrical model of the glomerular capillary. 

2. Formulation of the problem 
     Consider the steady incompressible Newtonian fluid and solute transfer in a permeable channel 
of length 𝐿 and half width 𝑎 (see Figure 1). Figure 1 depicts the channel's coordinate system, which 
includes the axial and transverse directions 𝑥 and 𝑦, respectively. The equations that control fluid 
flow with varying viscosity �̂�(𝑦), as indicated by the fluid's continuity and momentum, 

 + = 0        (1) 

𝜌 𝑢 + 𝑣 = − + 2 �̂�(𝑦) + �̂�(𝑦) +
    

 
(2) 

𝜌 𝑢 + 𝑣 = − + 2 �̂�(𝑦) + �̂�(𝑦) +
    

 
(3) 

The solute transfer in such system is, 

𝑢
̂
+ 𝑣

̂
= 𝐷

̂
+

̂
       (4) 

where, the axial, transverse velocities, concentration of solute and pressure are represented by 
ˆ ˆ ˆ ˆ ˆ ˆ( , ), ( , ),u x y v x y �̂�(𝑥, 𝑦) and �̂�, respectively. Here 𝜌is the density and 𝐷is the diffusion-coefficient.  

The following are the velocity and concentration boundary conditions for the current problem: 
At 𝑦 = 0 (Symmetric condition), 

=
̂
= 𝑣 = 0       (5) 

At 𝑦 = 𝑎, 

𝑣 = 𝑘(𝛥𝑃 − 𝜎𝛥𝜋) = 𝑉
 

     (6) 
𝑢 = 0        (7) 

−𝐷
̂
= ℎ(�̂� − 𝑐 ) + (𝑇 − 1)𝑉 𝛷

 
     (8) 

where𝛷 =
�̂�; 𝑉 > 0

𝑐 ; 𝑉 < 0
. The no-slip condition is the equation (7) and the solute mass flow 

equation is represented by (8) [28].

  
At 𝑥 = 0, 

�̂� = 𝑐                         (9) 

𝛥𝑃 = 𝛥𝑃                            (10) 

∫ 𝑢 (0, 𝑦)𝑑𝑦 = 𝑄                                     (11) 

    The first condition is a uniformly distributed solute concentration, the second is constant 

hydrostatic pressure, and the third condition is constant flow at 𝑥 = 0. 𝛥𝑃 = 𝑃 − 𝑃 ,  𝛥𝑃 = 𝑃 −

𝑃 ,  𝛥𝜋 = 𝜋 − 𝜋 , 𝑃 and 𝑃  denote the hydrostatic pressures within and outside of the channel 
wall, respectively. 𝜋 and 𝜋   are the osmotic pressures within and outside of the wall, respectively. 
𝑃  and 𝑄  denote the hydrostatic pressure and volume flow rate, respectively, at the beginning of 
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the channel. The hydraulic permeability of the wall is denoted by 𝑘, the reflection coefficient is 
denoted by 𝜎. In this case, 𝑐 and 𝑐  stand for the concentration of the solute at the entrance of the 
channel and the concentration outside the channel, respectively. 𝑃  and 𝜋  are taken to be 
constants in this calculation.  Meanwhile, ℎ stands for the solute permeability, and 𝑇  stands for 
the transmittance coefficient. The osmotic pressure can be expressed as a function of the 
concentration of a solute [12],  

𝜋(𝑥) =  0.009 �̂� +  0.16 �̂�  +  2.1 �̂�       (12) 
The solute mass flux (𝐽 ) and  total solute clearance (𝐽 ) over the permeable channel wall, 

𝐽 (𝑥) = ℎ(�̂�(𝑥, 𝑎) − 𝑐 ) + 𝑇 𝑉 𝛷, 𝐽 = 𝑎 ∫ 𝐽 (𝑥) 𝑑𝑥    (13) - 

(14) 
Following is a list of the non-dimensional quantities that are introduced: 
   We non-dimensionalise the equations by defining: 𝑥 = 𝑥𝑎,  𝑦 = 𝑦𝑎,  𝑢 = 𝑢𝑈 ,  𝑣 =

𝑣𝑈 , 𝑉 = 𝑉 𝑈 ,  𝑐 = �̂�𝑐 , 𝑐 = 𝑐 𝑐 ,   𝛥𝜋 = 𝛥𝜋𝛥𝑃 , 𝛥𝑃 = 𝛥𝑃𝛥𝑃 , 𝑏 = 𝑏 𝛥𝑃 /

𝑐 , 𝑏 = 𝑏 𝛥𝑃 /𝑐 , 𝑏 = 𝑏 𝛥𝑃 /𝑐 , 𝐽 = 𝐽 𝑐 𝐷/𝑎, 𝐽  = 𝑄 𝑐 𝐽 ,  𝑄 = 𝑄 𝑄,  𝜇 =

𝜇 �̂�, 
Axial diffusion in glomerular capillaries is less effective than radial diffusion [16]. Due to the fact 
that the ratio of the channel length to the half width is expected to be quite high, there are no end 
effects. In addition, it is possible to disregard the effects of inertia due to the fact that the net radial 
flow is relatively modest in contrast to the average axial flow (Reynolds number is of the order 
0.001). When these non-dimensional quantities and assumptions are included, the governing 
equations and boundary conditions are rewritten to reflect the new form (after dropping hats), 

+ = 0,             (15) 

𝑎
( )

= 𝜇(𝑦) ,      (16) 

( )
= 0,       (17) 

𝑢 + 𝑣 =       (18)  

At 𝑦 = 0,        = = 𝑣 = 0      

  (19) 
𝑣 = 𝜀𝑎 (𝛥𝑃 − 𝜎𝛥𝜋) = 𝑉 ,      (20) 

𝑢 =  0        (21) 

= 𝑆ℎ (𝑐 − 𝑐) + 𝑃𝑒(1 − 𝑇 )𝑉 𝛷     (22) 

At 𝑥 = 0,                     𝑐 = 1,  𝛥𝑃 = 1, ∫ 𝑢 (0, 𝑦)𝑑𝑦 = 1 

                 (23-25) 
Equations (13) and (14) are presented in their non-dimensional form as, 

𝐽 = 𝑆ℎ (𝑐(𝑥, 1) − 𝑐 ) + 𝑃𝑒𝑇 𝑉 𝛷 , 𝐽 = ∫ 𝐽
/

 𝑑𝑥,    (26) - (27)  
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where, 𝜀 = 𝑘𝜇 /𝑎,  𝑃𝑒 = 𝑈 𝑎/𝐷, and 𝑆ℎ = ℎ𝑎/𝐷 are ultrafiltration parameter, Peclet number 
and Sherwood number, respectively. 

3. Solution of the Problem 
The equations (15) and (16) with (19) and (21) give the velocities 𝑢(𝑥, 𝑦) and 𝑣(𝑥, 𝑦) as, 

𝑢(𝑥, 𝑦) = −𝑎
( )

∫
( )

𝑑𝑦       (28) 

 𝑣(𝑥, 𝑦) = 𝑎
( )

𝑦 ∫
( )

𝑑𝑦 + ∫
( )

𝑑𝑦 .       (29) 

The equation (29) and the boundary condition (20) determine the second order ODE for the 
hydrostatic pressure, 

( )
−

( )
= 0.       (30) 

The equations (24) and (25) are written in the following way: At 𝑥 = 0,  
𝛥𝑃 = 1       (31) 

= −        (32) 

The osmotic pressure difference in non-dimensional form as,
  

𝛥𝜋 = 𝜋 − 𝜋 = 2.1[𝑐(𝑥, 1) − 𝑐 ] + 0.16[𝑐(𝑥, 1) − 𝑐 ] + 0.009[𝑐(𝑥, 1) − 𝑐 ].   
 (33) 

where 𝐼 = ∫
( )

𝑑𝑦  and 𝐼 = ∫ ∫
( )

𝑑𝑦𝑑𝑦.  

Integrations in the equations (28)-(29) and (30)-(32) are impacted by the viscosity of the fluid. In 
this inquiry, the exponential viscosity model is applied, and its equation can be stated as follows: 

𝜇(𝑦) = 𝑒       (35) 
where 𝛼 is the viscosity parameter. All the computations have been done with exponential form of 
viscosity. The equations (28) and (29) give the axial and transverse velocities, which are in terms 
of 𝑐and 𝛥𝑃. The solutions of the equations (18) and (30), for solute concentration (𝑐) and 
hydrostatic pressure (𝛥𝑃) are difficult to obtain analytically, due to the coupling of equations. 
Therefore, the equations (18) and (30) are solved by using numerical techniques(RK-4 method and 
Finite difference method) with boundary conditions (19, 22, 23) and (31, 32) respectively. 
 

4. 

 
Numerical Technique 

To solve the solute transport equation (18) with the beginning and boundary conditions, Crank-
Nicolson type finite difference technique was employed (19, 22, 23). Varun and Muthu [18] both 
provided comprehensive explanations of the solution technique. To validate the numerical 
approach, the grid independence test is performed. Hydrostatic pressure distributions in the axial 
direction were observed for various grid points in the transverse direction. The step size is set in 
one direction and may be varied in another with values of 0.1, 0.2, 0.3, and 0.4. 
51 × 11,   51 × 21,   51 × 31, and 51 × 41 different nodes are generated by the four runs, 
respectively. For each of these instances, a C++ program is compiled. After experimenting with a 
few different mesh sizes, the mesh size 51 × 11 was found to be the most accurate in predicting 
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flow physics, and it was utilized in this study. Only the fifth decimal place separates the two sets 
of results. As a result, these mesh sizes are thought to be suitable for the computations at hand. In 
the finite-difference approximation, the truncation error is 𝑂(𝛥𝑦 + 𝛥𝑥) and approaches to zero 
as 𝛥𝑦,  𝛥𝑥 → 0. As a result, the system works. Varun and Muthu [18] demonstrated how the finite 
difference scheme is always stable. Convergence is ensured through consistency and compatibility. 

5. Results and Discussions 
      Fluid and solute transport through a permeable channel has been studied using a mathematical 
model of variable viscosity in the glomerular capillaryThe computational results are attained for a 
collection of physiologically significant factors [12, 17]. The graphs show the impacts of variable 
viscosity and other developing factors on pressure, velocities, solute concentration, and total solute 
clearance. 
 

6. Hydrostatic and Osmotic Pressures 
      For various values of the viscosity parameter (𝛼) and other emergent parameters, the 
distributions of hydrostatic and osmotic pressure profiles with respect to axial distance are shown 
in Figures 2 - 5. These distributions are shown for a range of axial distances. Both the hydrostatic 
and osmotic pressure curves agree quite well with the data from the experiments [27]. The 
difference in pressure, denoted by 𝛥𝑃, decreases in a linear fashion while the osmotic pressure 
(𝛥𝜋) enhances in a non-linear manner along the capillary axial length. Figure 2 depicts the effect 
of the viscosity parameter (𝛼) on hydrostatic (𝛥𝑝) and osmotic pressure (𝛥𝜋). The value of 𝛥𝑃 
rises all the way along the axial length whenever the parameter 𝛼 is increased. This suggests that 
a higher pressure is required for driving fluids that have a greater viscosity (see (Fig. 2(a)). The 
values of the osmotic pressure, denoted by 𝛥𝜋, are shown to decrease when it is shown that the  
parameter(𝛼), is increased (Fig. 2(a)). This was found to be consistent with what was predicted in 
[29]. 
     The 𝛥𝑃 profiles are unaffected by the solute wall permeability ℎ and the transmittance 
coefficient 𝑇 , as shown in Figure 3. As 𝑇  and ℎ, the osmotic pressure decreases along the axial 
length, indicating that the solute has passed through the channel wall. Refer to Fig. 4(a) to see how 
the osmotic pressure (𝛥𝜋) rises as the input pressure (𝛥𝑃 )  rises. The increase in 𝑇  values 
indicates that there is more solute transport over the capillary wall, and as a result, osmotic pressure 
drops in the 𝑥 −direction (Fig. 4(b)). The influence of initial average velocity (𝑈 ) on hydrostatic 
pressure and osmotic pressure is seen in Fig. 5. As 𝑈  grows, 𝛥𝑃 drops in the axial direction (Fig. 
5(a)). 𝛥𝜋 diminishes as 𝑈  grows (see Fig. 5(b)). 
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(a)                     (b) 

Figure 2: Distribution of 𝜟𝑃and 𝜟𝜋 for different 𝛼values. 
 

 
(a)                (b) 



China Petroleum Processing and Petrochemical Technology 
 

Catalyst Research   Volume 23, Issue 2, November 2023   Pp. 3217-3232 

 
3224 DOI: 10.5281/zenodo.7778371 

Figure 3: Distribution of hydrostatic and osmotic pressures for different 𝑇  and 𝒉. 
 

            

 
(a)                            (b) 

Figure 4: Distribution of hydrostatic and osmotic pressures for different 𝑇 and 𝛥𝑃  
 

             

                           
(a)                (b) 

Figure 5: Distribution of hydrostatic and osmotic pressures for different 𝑈 . 
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7. Axial Velocity (𝒖(𝒙, 𝒚)) and Transverse Velocity (𝒗(𝒙, 𝒚)) 
      At different axial positions, figure 7 depicts the behavior of the axial velocity 𝑢 with 𝑦 for 
various 𝛼 values. Along the length of the capillary, the axial velocity (𝑢) is found to decrease. As 
the parameter 𝛼 varies, the axial velocity near the channel axis decreases. Figure 8 depicts the 
effects of the viscosity parameter (𝛼) on transverse velocity (𝑣) at various points along the 
channel. When the parameter 𝛼 is increased, the transverse velocity rises at the boundary but drops 
near the end of the channel. That is, at the position 𝑥 = 15, the transverse velocity is greater than 
at the channel's end, 𝑥 = 50. It is worth noting that the viscosity parameter (𝛼) has a significant 
influence on flow behavior. As the varying viscosity 𝜇(𝑦) → 1, which gives the constant viscosity 
case [17], the estimated 𝑢 − and 𝑣 −velocity values match well. 

 

                

           
(a)                                        (b) 

Figure 6: Distribution of axial velocity at different cross-sections along the axis for 
various𝛼values. 
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 (a)                                                (b) 

Figure 7: Distribution of transverse velocity at different cross-sections along the axis for various 
𝛼 values. 

8. Concentration Profiles 𝒄(𝒙, 𝒚) 
    The influence of the viscosity variation on solute concentration at different locations is depicted 
in the figure 8. When 𝛼 increases, there is a negligible increase in the concentration at the 
centerline, but there is a decrease in the concentration close to the wall. The solute concentration 
rises toward the wall, where it achieves its highest value. The solute concentration rises toward the 
wall. The distribution of solute concentrations along the length of the channel is depicted in figure 
9, which illustrates the results for two different sites at varying 𝑇  and ℎ. Because 𝑐 has a bigger 
value at the wall, the significance of any position along the axis is greater than that of a point on 
the wall. This takes place as a result of the equilibrium that is struck between convection toward 
the wall and the diffusion away from it. Because ultrafiltration removes the solutes, the 
concentration of solutes rises with increasing transverse distance at any given channel cross-
section. 
    Figure 10 displays the impact that 𝜀 and 𝐷 have had on the distribution of the concentrations. 
The concentration of the solute increases as the value of 𝜀 increases, indicating that the volume of 
the solute per unit volume at the wall has increased. When 𝐷 increases, the concentration of solutes 
along the axis drops, as shown above. It is correct to say that when 𝜀 = 0, there is no solute 
movement through the wall since there is no permeability (zero ultrafiltration). This indicates that 
the transversal concentration profile reaches zero at the cross-section shown by the value 𝑥 = 15, 
having dropped significantly from the starting constant value 𝑐 = 1. 
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(a)     (b) 

Figure 8: Distribution of solute concentration for different values of 𝛼 with 𝑦at different axial 
positions. 
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(a)                                                  (b) 
Figure 9: Distribution of solute concentration for different 𝑇  and ℎ values with 𝑦at different 

axial positions. 

                   

 
(a)                                                  (b) 

Figure 10: Distribution of solute concentration for different 𝜀 and 𝐷 values. 
 

9. Wall concentration 𝒄𝒘 
      Figure 11 shows how the viscosity parameter (𝛼) affects the value concentration 𝑐 . It should 
be noticed that concentration varies only along the porous wall. The concentration close to the wall 
decreases as 𝛼 rises, which is also important to note. Figure 12(a) shows the distribution of 𝑐  for 
various 𝑇  and ℎ values. In determining the concentration of solutes on the walls, transmittance 
coefficients and wall permeability values play a crucial role. That is, as 𝑇  and ℎ grow, the 𝑐  
decreases. Figure (12) depicts the wall concentration (𝑐 ) as a function of axial length for different 
ultrafiltration parameter (𝜀). As 𝜀 grows, so does the concentration at the wall (𝑐 ). In this 
investigation, it is said that osmotic pressure and ultrafiltration have a bigger influence than 
hydrostatic pressure. 
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Figure 11: Distribution of solute wall concentration for different 𝛼 values. 

           

 
(a)                                                  (b) 

Figure 12: Distribution of solute concentration for different (a) 𝑇  and ℎ and (b) 𝜀 values. 

10. Total solute clearance(𝑱𝒄𝒍) 
    Table I discusses the findings of total solute clearance (𝑱𝒄𝒍) with varying viscosity. The current 
model uses a range of 𝛼 from 1.0 to 4.0. The values of the other parameters are within the 
physiological data ranges. It is observed that as 𝛼 rises, the total solute clearance increases, as do 
ℎ, and 𝜀. 

Table 1. 𝑱𝒄𝒍 for 𝑈 = 0.07 𝑐𝑚/𝑠𝑒𝑐, 𝑇 = 0.5, 𝛥𝑃 = 40 × 10 𝑑𝑦𝑛/𝑐𝑚 and 𝐷 =

1 × 10 𝑐𝑚 /𝑠𝑒𝑐 

 𝜀 = 7.98 × 10  𝜀 = 1.98 × 10  
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𝛼 
𝑆ℎ

= 0.005 
𝑆ℎ

= 0.035 
𝑆ℎ

= 0.005 
𝑆ℎ

= 0.035 
1.0 0.0535265 0.0674575 0.119826 0.135206 
2.0 0.0536864 0.0675728 0.120648 0.135919 
3.0 0.0538081 0.0676582 0.121299 0.136481 
4.0 0.0539036 0.067724 0.121822 0.136933 

11. Conclusions 
     To our knowledge, the model provided in this paper is the first mathematical model of fluid 
and solute transport in glomerular capillaries that takes into consideration varying viscosity and 
permeability properties. Novel components of the study include the investigation of solute transfer 
via a permeable channel, as well as the application of changing viscosity, particularly to the solute 
movement in glomerular capillaries. In order to solve the coupled equations governing the fluid 
movement and solute concentration, numerical solutions were developed. For the purpose of 
solving the solute transfer equation, the implicit Crank-Nicolson technique is applied. In this study, 
the effects of changing viscosity on profiles of hydrostatic and osmotic pressures, velocity, solute 
concentration, and the total solute clearance were examined. 

 As viscosity parameter 𝛼, is decreased, the hydrostatic pressure increases linearly over the 
entire axial length of the channel. The osmotic pressure curves rise in an exponential rather 
than linear fashion as the axial distance increases. As the value of 𝛼 increases, the value of 
𝛥𝜋 will decrease. 

 The values of the axial and transverse velocities at the boundary increase as 𝛼 increases. 

 With increasing viscosity, the concentration at the axis rises while it falls at the wall. 

 As the viscosity parameter is decays, the wall concentration increases. The discrepancy 
between the two outcomes grows as viscosity parameter 𝜀 rises. 

 With increasing values of 𝛼, ℎ, and 𝜀, the total solute clearance (𝑱𝒄𝒍) rises. 
It should be emphasized that the current model depicts mass transport in a channel with uniform 
walls. However, capillaries are not uniform in real-life physiological conditions. As a result, by 
expanding the above study to a non-uniform channel or tube, this model may be made more 
realistic 
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