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Abstract

Consider the family of y-sets of a zero-divisor graph I'(Z,) of finite
commutative ring Z, and define the y —graphs I'(Z,)(y) = (V(¥),E(y) ) of I'(Z,)
to be the graph whose vertices V(y) correspond 1-to-1 with the y - sets of z, and two
y sets, say §; and §,, form an edge in E(y) if there exists a vertex v € §; and a vertex
wES, such that (i)v is adjacent to w and (ii)) S;=5,—{w}uU{u} and
S, =8, —{u} u{w}. Using this definition, we find some results. Also, Let R be a
commutative ring. The gamma graph of the zero-divisor graph I'(R) of R is the graph y. I'(R)
with vertex set as the collection of all gamma sets of the zero-divisor graph I'(R) of R and two
distinct vertices A and B are adjacent if and only if |[AN B|=y('(R)) —1 Using this

definition, we have one basic property of y.I'(R).
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1. INTRODUCTION

The study of algebraic structures, using the properties of graph, become an exciting research
topic in the past twenty years, leading to many fascinating results and questions. In the
literature, there are many papers assigning graphs to rings, groups and semigroups. Let R be a
commutative ring with identity and Z(R)* be the set of all non-zero zero-divisors of R. D.F.
Anderson and P.S. Livingston[1], associates a graph called zero-divisor graph I'(R) to R with
vertex set Z(R)* and for any two distinct x,y € Z(R)", the vertices x and y are adjacent if and
only if xy = 0 in R.

For v € V, the associate class of v is defined as 4, = {uv: u is unit in R}. Let n=
pf1p,2ps*s L p, K where py, Py, ..., Py are primes with p; < p, < - < p, and ky, ks, ..., k,
are positive integers. Then the set of all non-zero Zero-
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divisors in Z,, the ring of congruent modulo n»n classes is given by
Z(Zy)" = {(Apis 1 saisf, 1<i<r}

Aset D € V of vertices of vertices in a graph G = (V, E) is called a dominating set if for every
vertex u € V — D there exists a vertex v € D such that v is adjacent to u. A dominating set D
is minimal if no proper subset D is a dominating set. The domination number of a graph G,
denoted by y(G), is the minimum cardinality of a minimal dominating set of G. A dominating
set D in a graph G with cardinality y is called y — set of G.

Subramanian and Sridharan introduced the concept y- graph y.G and Fricke, et.al.[3]

introduced the y- graph G (y).
Definition 1.1: [2] Let D be the collection of ¥ — sets in . The gamma graph of (;, denoted
by y.G, is the graph with vertex set D and any two vertices D4 and D, are adjacent if

D, ND, | = ¥(6) — 1.

Definition 1.2: [3] Consider the family of y-sets of a graph G and define the y —graphs
G(y) = (V (¥).E(y)) of G to be the graph whose vertices V(y) correspond 1-to-1
with the y - sets of G, and two y sets, say 5; and S,, form an edge in E () if there

exists a vertex v € §, and a vertex w € §, such that
(1) v is adjacent to w and

(i)S; = 8§ — {w

-

U {L" and Sa= 54— {'l?} U {'.-1’}.

Motivated by the above two definitions we have to introduced the gamma graph of a zero-
divisor graph of a finite commutative rings.

The following results are used in the subsequent section.

Remark 1.3:[5] Let n = p,*1p,*2p;*2 ... p,*r, where r = 1, py,p;, ..., p- are primes with
Py < pp < oo < ppandn £ 2p,n = 3p, p > 3is prime. Then the number of y — sets in ['(Z,)
is [[i=.(p — 1)

Remark 1.4. Let n = p.*ip,*2ps*s .. p.%, where r =1, py, py, ..., p, are primes with
p1 < py < - <p, and n = 3p,p >3 is prime. Then the number of y — sets in I'(Z,) is
Remark 1.5. Let n — p-Fip,*2pg¥s . p. ¥, where r =1, py, ps, ..., p, are primes with

Py < py < o < p.and n = 2p, p > 3 is prime. Then the number of y — sets in I'(Z,) is 1.
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Corollary 1.6:[5] Let n = p, ¥1p,R2p,*2 . p,.Fr, where r = 1, py, p. .... 0, are primes with
p; < p, < --<pyand n # 2p,p = 3 is prime, then y(I'(Z,)) = r.

Proposition 1.7:[4] Let (®,m) be a finite commutative ring local ring with |R| = p™ for some
prime p, n > 1 and let x £ Z(R)*. Then {x} is a y- set of '(R) if and only if ann(x) = m.

Hence the number of distinct - sets in I'(R) is p* — 1 for some k < n.

2. Gamma Graph I'(Z,,) (y) of commutative ring Z,,.

Throughout this section, nis a fixed positive integer and not a prime number,
Z,={01,2,...,n— 1}, ['(Z,)is the Zero-divisor graph of Z,,, I'(Z,)(y) is the gamma graph
of I'(Z,) and V =V (I'(Z,,)(y)) is the vertex set of I'(Z,,)(y)

Definition 2.1: Consider the family of y-sets of a zero-divisor graph I'(Z,) of
finite commutative ring Z, and define the y —graphs I'(Z,))(¥) = (V (¥),E(¥))
of I'(Z,)) to be the graph whose vertices V(y) correspond 1-to-1 with the y - sets of G,
and two y sets, say §; and S,, form an edge in E (y) if there exists a vertex v € S;
and a vertex w € S, such that

(i) v is adjacent to w and

(i) S;=S5, —{w}uU {v}tand S, = §; — {v} U {w}.

With this definition, two y-sets are said to be adjacent if they differ by one vertex and the two
vertices defining this difference are adjacent I'(Z,,).
Example 2.2: Consider the ring Z,5.
Z5s ={0,1,2,3,4,5,6,7,89,10,11,12,13,14,15,16,17,18,20,21,22,23,24}
Z(Z15)" ={5,10,15,20}

The zero-divisor graph I'(Z;5):
5 10

15

TIZ T I (Z35)

The y-setsare S; = {5}, S, ={10}, S3 = {15}, S, = {20}.
Now, Letv=5 € S;andw =10 € S,.
Sz —{w}u{v} = {10} — {10} U {5}
= {5}
= 51
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Sy —{viu{w}={5}—-{5}u {10}
= {10}
=5,
Also, {5} and {10} are adjacent.
Therefore, S; and S, are adjacent.
Similarly, S, is adjacent to S3,S, and S, is adjacent to S3, S, and S5 is adjacent to
Sa

Then we get the gamma graph I'(Z,5)(y) is of below form:

S, S,

4

(N

54

Fig 2. I'(Z35)(v)
Theorem 2.3: Let n be a positive integer and not a prime number. Then I'(Z,,)(y) = K; if and

only if n = 2% or n = 2p, where p = 2 is a prime number, & > 2.
Proof: Suppose n = 2%, k > 2.

Then I'(Z,) = Ky and so y(I'(Z,)) = 1.

Moreover there is only one y-set.

Therefore, I'(Z,)(y) = K;.

Suppose that n = 2p, where p = 2 is a prime number.

Then I'(Z,) = Ky-1 and so y(I'(Z,)) = 1.
There is only one y-set.

Therefore, I'(Z,)(y) = K;.

Converse part is obviously from Remark 1.3.

Theorem 2.4. Let n be a positive integer and not a prime number. Then I'(Z,,) (¥) = Ky 2(p-1)
if and only if n = 3p , where p > 3 is a prime number.

Proof: Assume that n = 3p, where p # 2 is a prime number.

Then I'(Z,) () = Ky p-1) and so ¥(T'(Z,,)) = 2.
Also, the number of y — sets is 2(p-1)+1.

Join the vertices that satisfy the two gamma graph I'(Z,,) (y) conditions.
Then we get , I'(Z,) (V) = Ky 2(p-1)-
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The converse part is trivial.

Theorem 2.5: Let n be a positive integer and not a prime number. Then I' (Z,) (y) = K,,_; if
and only if n=p¥ or n=2Mp*, where p is a prime number,p >3 and
e =2,k ks > 1.

Proof: Assume that n = p¥ or n = 2F1p*, where p is a prime number,p > 3 and
ke =2ky ka>1.

Ifn=p*, k > 2, then {up* 1} for 1 < u < p — 1 is a minimal dominating set in I'(Z,,).
Hence y(T(Z,)) =1.

By remark 1.3, |[V| =p — 1.

Thus, F(Zn)(y) = Kp—l
Ifn =2%p¥k, e, k, > 1, by remark 1.3, the number of ¥ — sets are p — 1.

That is., [V]| = p — 1.

Here each dominating sets satisfies the the gamma graph I'(Z,,) (y) conditions.
So we can make each vertices adjacent to one another.

Thus, I'(Z,)(¥) = Kp-1

Conversely, Assume that I'(Z,) (y) = K,—4

Then the number of y — setsis p — 1.

By Remark 1.3, » = 1 and n is not a prime.
Hence n = p*, k = 2, where p is a prime number, p > 3.
Now, Suppose n = p;*1p,*2, k-, k5 > 1 and p; > 2.

Which is obviously a contradiction.
Therefore p, = 2.

Hence n = p* or n = 2%1p*2, where p is a prime number,

p>3and k = 2,k k; > 1.

3. Gamma Graph y.I'(Z,) of commutative ring R

Definition 3.1:[6] Let R be a commutative ring. The gamma graph of the zero-divisor graph
I'(R) of R is the graph y.["(R) with vertex set as the collection of all gamma sets of the zero-
divisor graph I'(R) of R and two distinct vertices 4 and B are adjacent if and only if
AN Bl =y(l'(R))-1

Example 3.2: LetR = Z, x Z, % Z,. Clearly,
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V(I (R)) = {u; = (1,0,0),u, = (0,1,0),u; = (0,0,1), v, = (0,1,1), v, = (1,0,1),v; =
(1,1,0)}
Then the zero-divisor graph " (R):

174
[

Fig.3 T'(R)
Here, there are 8 Y — sets in I'R) and hence
V(y.I(R)) = {xy = {up vz us b x5 = {4,032, 03} x5 = {uy, vo, 03} x4 =
{viu,, 73} x5 = {vy, v 5 ), xg = (v, usd, 27 = {1y, v, ug ), xg = {uy, vy, 175}

Then the gamma graph . ' (R is of the form:

Xg Xg

Fig4. y.I'(R)

Theorem 3.3: Let (R, m) be a finite commutative local ring with |R| = p™ for some prime
p.n > 1. Theny.I'(R) = Kk_,, for some I < n.

Proof: Let I = M, ann(x) be an ideal in R and |I| = p™ for some k < n.

By proposition 1.7, y(I'(R) = 1 and foreach y £ [*,ann(y) = mand {y}isay — set of I'(R)
Thus, the number of y — sets I'(R) is p*¥ — 1 and intersection of any two y — sets is empty.

Therefore, y. I'(R) = K ,k_,, for some k < n,
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4. Conclusions

In this paper, we have to find some results on Gamma Graph of a Zero-divisor graph
I'(Z,)(y) and y.I'(R). Further, we can extend these concept to total graph, order graph,
comaximal graph etc...
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